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We consider those subsets of the self-affine Sierpinski carpets that are the union of an uncountable number of
sets each of which consists of the points with their location codes having prescribed group frequencies. It is
proved that their Hausdorff dimensions equal to the supremum of the Hausdorff dimensions of the sets in the

union. The main advantage is that we treat these subsets in a unified manner and the value of the Hausdorff
dimensions do not need to be guessed a priori.
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1 Introduction and statement of main results

Let T be the expanding endomorphism of the 2-torus T?> = R?/Z? given by the diagonal matrix diag(n, m) where
2 < m < n are integers. The simplest invariant sets for T, called the self-affine Sierpinski carpets, have the form

o0
K(T,D) = lZdiag(nk,mk)dk tdyeDforallk >1¢,
k=1

where D C I x J isthe setof digitswith / = {0, 1,...,n — 1} and J = {0, 1, ..., m — 1}. Alternatively, define
amap K7 : DN — T? by

Kr((d)p2,) =) diag(n™, m™)dy.
k=1

Then K (T, D) = K1 (DN). The set K (T, D) were first studied by McMullen [13] and Bedford [2] independently.
In the past two decades, some further problems related to the self-affine Sierpinski carpet K (7', D) and its various
variations have been proposed and considered by a large number of authors (see [1], [3]-[7], [9]-[12], [14]-[17]
etc.)

For any x = (x;)2, € DN and a nonempty subset I' € D, define

Ne(x,T)=|{l <j<k:x; €T}, (1.1

where and throughout this paper we use |A| to denote the number of members of a finite set A. Whenever there
exists the limit

f(x,T):= lim Ne(x, 1) (1.2)

k— o0 k
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594 Y. X. Gui, W. X. Li and D. M. Xiao: Variational formula related to the self-affine Sierpinski carpets

it is called the group frequency of T in the coding x. When we write the symbol f(x, ') we are already assuming
the existence of the limit in (1.2). When ' = {d} is a singleton, the symbols Ny (x, ") and f(x, ") are simplified
as Ni(x,d) and f(x,d), respectively. In particular, f(x, d) is called the digit frequency of d in the coding x.
Clearly, if f(x, d) exists for all d € T" then f(x, I') exists and equals to ), - f(x, d). But the converse is not
true.

Let o denote the projection of R? onto its second coordinate. Let

B =0o(D) and o« = log,, m.

Let H be the set of probability vectors on D, i.e.,

H={pz(pd)deD:Ospds1and2pd=1 :
deD

For a given probability vector p = (ps)aecp € H, it induces a probability vector on B
a=(g)res Where g, = Y pa. (1.3)
deDN(1x{b})

A probability vector p = (pa)aep € H is called uniformly distributed on D if p; = 1/|D|. For b € B, the set
D N (I x {b}) is called a horizontal fiber of D. D is said to have uniform horizontal fibers if |D N (I x {b})| is
invariant for all b € B.

Define a function on H

g(p) = - Zpd logm Pa — (1 - Ol) th IOgm qb, (14)

deD beB

where we adopt the convention that 0log 0 = 0. For a nonempty subset A € H denote

gsup(A) :=supg(p) and gma(A) 1= majcg(p) if the maximum is attainable.
peA pe

For a nonempty subset ¥ C H let
Q) = {x = ()2, € DV (f(x, d)aep € B}, (1.5)

i.e., Q(X) consists of those sequences x € DN for which all digit frequencies f(x,d),d € D, exist and
(f(x,d))aep € . When X is a singleton, Nielsen [14] proved

Theorem A. Let g(p) be defined as in (1.4). Forp € H

[R1] dimy K7 (S2({p})) = dimp K7(2({p})) = g(p);

[R2] dimg K7(Q({p})) = dimp K7(DN) = log,, (1BI'"*|D|*);

[R3] Let y denote the common value of dimy K1 (Q2({p})) and dimp K1 (22({p})).
(a) If p is uniformly distributed on D and if D has uniform horizontal fibers then

0 < H"(Kr(R({p})) = P"(Kr(R({p}))) < o003
(b) If p is not uniformly distributed on D or if D does not have uniform horizontal fibers then
HY (K7 (Q({p})) = P" (K7 (Q({p}))) = .
By (1.5) we have K7(Q(X)) = Upes K7(2({p})). Our first goal is to prove the variational formula for the
dimensions of K7(€2(X)) (also see Theorem 3.1 in Section 3):
Theorem 1.1 Let ¥ be a nonempty subset of H. Then

dimy K7(Q(X)) = dimp K7(Q(T)) = sugdimH K7(2({p})) = goup(Z).

We also discuss the Hausdorff and packing measures of K7 | (2(X)) in their dimensions. By the continuity of
g(p), we know that the value SUPpey g(p) can be attained on X (the closure of ¥). Let

gup = {p* €§:g(p*) =gsup(2)}- (1.6)

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Then we have (also see Theorem 3.2 in Section 3):

Theorem 1.2 Denote y = dimy K7 (Q(X)) = dimp K7 (Q2(X)). Let gy, be defined as in (1.6).

(I) Suppose that L, N X # (. We have

(Ia) If (1/|D],...,1/|DI) € Xgp N X and if D has uniform horizontal fibers, then 0 < H” (K7(2(X))) <
PY(Kr((X))) < oo,

(Ib) If (1/ID],...,1/ID]) € Zgqp N X but D has not uniform horizontal fibers, then HY (K1 (Q(X))) =
PY (K7 (Q(E))) = oo;

(1) I (1/1D]. ..., 1/IDI) & Sup N5, then 1/ (K7 (R(E))) = P (K7 (2A(E))) = 00;

(D) If Zgp N X =0, then H” (K7(2(X))) = P (K7 (2(%))) =0.

Our next goal is to prove the variational formula for the case related to the group frequencies.
Let {I';}}_, be a partition of D, i.e., all I'; are nonempty, pairwise disjoint and D = [ J;_, I';. For a nonempty
subset X of

H, = c:(ci)le:0§ci§1anchi=1},

i=1

let
S ={p=pa)aco €H: D ps| €= (1.7)
del; i=1
and
Q(T) ={x =), € DV : (f(x, )iz, € £} (1.8)

For ¢ = (¢;)j_, € H, one can check that the function g(p) can attain its maximum on {c¢}* (defined by (1.7) for
= {c}) at a unique point p = (p4)aep satisfying

6
qa(d) .
Pi= =5 Cj fordeljand j=1,2,...,5, (1.9)
Zd/erj 95 (ar)
where § = “—. For a vector y = (yl)l | € R%, y > 0 means that y; > 0 for all 1 <i < k throughout this paper.

When ¥ is a s1nglet0n Gui and Li [8] proved

Theorem B. Ler 0 < ¢ = (¢;)!_, € Hy. Let p = (pa)acp be determined by (1.9) and let (qy)pep be the
probability vector induced by (pg)acp via (1.3). Then

dimpy KT(QX({C})) = gmax({c}*) = g(p) = Z Cj logm Z qg(d) —Cj logm il

j=1 del;

where § = =— =1 —log,, n.
When s = |D| Theorem B reduces to [R1] of Theorem A. However, unlike [R1] the Hausdorff dimension of
K7(2({c})) (s # |D|) generally doesn’t coincide with its packing dimension. For example, when s = 1 (then
¢ = (1)) we have ;({c}) = DN and dimy K7(2;({c})) < dimp K7 (2 ({c})) = dimp K7 (2 ({c})) except for
some special cases. In fact, to our knowledge the packing dimension of K7(€2;({c})) (s # | D|) is unknown.
Now let us return to K7 (2,(X)). Obviously K7(2(X)) = Uees, K7(2,({c})). We show that the variational
formula holds for dimy K7 (€2,(%)) (also see Theorem 3.3 in Section 3):

Theorem 1.3 Let X be a nonempty subset of Hy. Let ¥* and Q;(X) be defined as in (1.7) and (1.8), respectively.
Then

dimy K7(2,(X)) = supdimy K7(2({c})) = gaup(Z¥).

cex
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When s = | D|, Theorem 1.3 reduces to Theorem 1.1. Similar to Theorem 1.2, for § = ¥ C H; let

Tgp = {pef*:g(p) =g3up(2*)]- (1.10)
By the same argument as in the proof of Theorem 1.2 (Theorem 3.2) we have

Theorem 1.4 Denote y = dimy K7 (2,(X)). Let X, be defined as in (1.10).

(I) Suppose that g, N X* # (. We have

(Ta) If(1/|D|, ..., 1/IDI) € Zgp N X* and if D has uniform horizontal fibers, then 0 < H" (K1 (£2,(X))) <
00;

(Ib) If(1/|D|, ..., 1/|D|) € Zgp N E* but D has not uniform horizontal fibers, then " (K7 (2,(%))) = oo;

(Ic) If (1/|D|, ..., 1/|D|) ¢ Zgp N X, then H" (K7 (2,(X))) = o0,

(D) If Zgp N Z* =@, then H” (K7(2,(%))) = 0.

Below we list two examples as application of our theorems. In the most cases as in Example 1, the Hausdorff
dimensions are implicitly determined. However, in some cases as in Example 2 the Hausdorff dimensions can be
explicitly determined.

Example 1.5 Let A is a nonempty proper subset of D. Let

M:{xz(x,-);’ol eDN:0< ) fi(x.d)<2/3¢.

deA

Then by Theorem 1.3 we have

dimy K7 (M) = gup(Q) = sup —a Y palog, ps— (1 —a) Y qslog, g
(pa)aen€Q deD beB

where Q = {p = (pa)aep € H :0 <Y, ., pi < 2/3}.
Example 1.6 (See [6].). For two distinct horizontal fibres F,, Fj, and 8 > 0, let

M= {x=(x)2 €D": f(x, Fy) = Bf(x. Fy,)}.

Let Q = {p = (pa)acp € H: Y yer, Pa =B ucr, pd}. Then by Theorem 1.3 we have (recall that o =
log, m)

dimy K7(M) = gup(Q) =log,, | (1+8) (B 1Fu |’ |1Fn|®) ™ + > |FI"
beB\{b;,by}

The rest of this paper is arranged as follows. Some known results needed in the present paper and lemmas are
given in the next section. We shall show that Theorem B is also true when ¢ > 0. The proofs of Theorems 1.1-1.2
and 1.3 are given in Section 3.

2 Preliminaries

For x = (x,)°%, € (I x J)N and k € N, let Q(x) consist of all points K7 (y) where y € (I x J)N are such that
yj=x;forl < j <[aklando(y;) = o(x;) for [wk] + 1 < j < k where [¢] denotes the greatest integer not more
than ¢ (€ R). The sets Q;(x) are approximate squares in [0, 1)?, whose sides have length n~[“ and m~*. Note
that the radio of the sides of Qy(x) is at most n, and their diameters diamQ, (x) satisfy

V2m* < diamQ;(x) < V2nm*.

As in [13], [14] [16], [17] one can use these approximate squares to calculate dimension since one can restrict
attention to covers by such approximate squares.

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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The following two lemmas will be used in this paper, which are just reformation of Rogers-Taylor density
theorem.

Lemma 2.1 ([14, Lemma 4]) Suppose that ju is a finite Borel measure on [0, 1), and that E is a subset of
(I x J)N such that K1 (E) is a Borel subset of [0, 1], and (K7 (E)) > 0. Let § be a positive number. For each
point x € E, put

A(x) = limsup(ks + log,, (04 (x))).

k— 00

1) If A(x) = —oo forall x € E, then H*(K7(E)) = +o00;
2) If A(x) = +oo forall x € E, then H*(Kr(E)) = 0;
3) Ifthere are real numbers a and b such thata < A(x) < b forall x € E, then 0 < H*(Kr(E)) < +oo.

Lemma 2.2 ([14, Lemma 5]) Suppose that u is a finite Borel measure on [0, 1%, and that E is a subset of
(I x J)N such that K1 (E) is a Borel subset of [0, 1], and (K7 (E)) > 0. Let § be a positive number. For each
point x € E, put

A(x) = liminf(ks + log,, 11(Qx(x)).

1) If A(x) = —oo forall x € E, then P°(K7(E)) = +00;
2) If A(x) = +oo forall x € E, then P (Kr(E)) = 0;
3) Ifthere are real numbers a and b such that a < A(x) < b forall x € E, then 0 < P°(Kr(E)) < +o0.

The Borel measures on [0, 1] to which the above lemmas will be applied are constructed as follows. For a
probability vector p = (pg)sep on D, let pp, be the infinite product probability measure on DN determined by p.
Let jz, be the Borel probability measure induced by the map K7, i.e., fip(A) = up(K; ! (A)) for any Borel set
A C K(T, D). One may, of course, regard /i, as a Borel measure on [0, 1%

By means of the Law of Large Numbers, we have

mp(Kr(Q(%)) =1 if pe X,
and
Fp(Kr(2(S) =1 if pe =™,

In addition, when p = (p4)acp > 0 from the definition of i, it follows that for any x = (x;)%°, € DN (cf. formula
(1.4) in [14], also formula (4.4) in [4])

k] k
Q) =[]rs - [ 400 @2.1)
j=1 j=lok]+1

Lemma 2.3 Let ' be a closed convex subset of H. Then there exists a unique p* = (p})aep € I' such that
g(P*) = gmax(T") and

> pa(—elog, pj = (1 - a)log, 43,)) < 3 pi (—elog, pii = (1 —a)log, 47p))  (22)
deD deD

Sforallp = (pa)aep € . In addition, if there exists ap € T such that p > 0, then p* > 0.

Proof. The existence and uniqueness of p* satisfying g(p*) = gmax (") are easily obtained by the compact-
ness of I and strict concavity of g(p).

Suppose that p = (ps)aep € I such that p > 0. We claim that D; = {d € D : p); = 0} is empty. Otherwise,
both D and D, = D \ D, are nonempty. Letp, = tp + (1 — t)p* = (tpa + (1 — 1) p}j)aep, t € [0, 1]. Thenp, €
I" with p, > Ofor¢ € (0, 1] and po = p*. Let f(¢) = g(p;), ¢t € [0, 1]. Then one can check that lim,_.o4 /() =
+oo which implies that g(p*) cannot attain its maximum at p*.

www.mn-journal.com © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Finally we prove (2.2). For any given p € I let
y() =g +t(p-p7)), 0=tr=1
Then y(¢) attains maximum at 7 = 0. So
0= y'(0)=(g'(p").p—P")

1
= <<—a log,, py — (1 —a)log, 45, — 10gm> s (pa — PZ)deD>
deD

yielding (2.2). d

We like to point out that in [14] the proof of [R1] of Theorem A was only given for the case p > 0. For
completeness, we supplement the proof for the case p = (py)sep € H with some py; = 0.

Lemma 2.4 Let p = (pg)aep € H with some p; = 0. Then
dimy K7 (({p})) = dimp K7 (22({p})) = g(p)-

Proof. LetD;={d € D:p;=0}and Dy =D\ D;.Letp = (pa)acp,- Let Q(P) be given by (1.5) with
D, instead of D. Then dimp K7 (Q({p})) = dimy K7 (Q({p})) > dimy K7 (2(P)) = g(p).

In the following we show that dimp K7(2({p})) < g(p). Fixane > 0. Takep = (p4)aep € H suchthatp > 0
and

gmax([p, P]) = &(p) +¢,

where [p, ] = {(pa + (1 — 1)pa)aep : 0 < t < 1}.Letp* = (p;)aep € [p. P] be suchthat g(p*) = gmax ([P, P))-
Then p* > 0 by Lemma 2.3. To finish the proof one only needs to show that dimp K7 (2([p, p])) < g(p*). Note
that for any x = (x;)72, € Q([p, p])

logm I’LP Qk Zlogm px + Z logm qo 'c,

i=[ak]+1
= Z Nak] X, d) logm pd + Z Nk X, d) logm CIU ZNOlk X, d) logm CIU( d)*
deD deD deD

Therefore, for each x € Q([p, p])

kli)m k logm Hop* (Qk =« Z f X, d logm pd l - O[) Z f(X, d) logm q:(d)

deD deD
=D (a log,, p; + (1 —a)log, qi(d>) =—g(p")
deD

It follows from Lemma 2.2 that

dimp K7(Q([p, p])) < g(p").
So the proof is completed. O

Note that in Theorem B one requires ¢ > 0. The following lemma shows that it is still true when some ¢; are
Zeros.

Lemma 2.5 Let ¢ = (¢;)!_, € H; with some c; = 0. Let p = (pa)acp be determined by (1.9) and let (q1,)pes
be the probability vector induced by (pg)acp via (1.3). Then

dimH KT(QY({C})) = gde({c} =« Z Cj logm Z q —Cj logm il
derl;

where 6 = “T_l =1—log, n

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proof. LetD;={l1<i<s:¢;,=0}and D, ={1,...,s}\ D;.Let€ = (¢;)ien,. Let Qp, ({C}) be given
by (1.8) with | J;p, I'; instead of D and the corresponding partition I';, i € D;. Then

dimy K1 (2;({c})) > dimy K7 (2p,/{€}) = gmax({c}”).

In the following we show that dimy K7 (€2({c})) < gmax({c}*). Fix an € > 0. Take € = (&;);_, € H, such that
¢ > 0and

gmax ([, €]") < gmax({c}") + €

where [c,¢] = {(t¢; + (1 —t)¢;)i_, : 0 <t < 1}.
Let p = (pa)aep € [c, €* be such that g(P) = gmax([c, €]*). Then p > 0 by Lemma 2.3 and satisfies

45
ﬁd:#}gaﬁ fordeTljand j=1,2,...,5s. 2.3)
Zd/er,- qa(d’)
Note thata; = 3, Pa. i =1, ..., s. To finish the proof one only needs to show that dimy K7 (2 ([e, €*)) <
g(p). By (2.3) we have
l0g,, pa = 010g,, §o(a) +l0g,, a; —log,, D 30, ford € T;, j=1,2,...,5. 2.4
del’;

By the definition of Ni(x, I';) in (1.1), we have that for any x = (x;)?°, € DN and any k € N

)= Nelx.d), j=12...5.
del’;

Let

Si(k) =" Ne(x.d)log, Gy, Jj=1.2.....5. (2.5)
derl;

Forx = (x;)%2, € Q,([e, €]*), we have

log,, fip(Qx(x)) = Zlogm o + Z 108,, o (1)

i=[ak]+1

=YY N(x.d)log, pa+Y_ > Ni(x.d)1og, Goa)

j=1 deT; j=1 deT;

- Z Z Nigi) (x, d)10g,, Go(a)

j=1deT;

= ZZN[ak](x,d)logm a; — Zlogm an ZN[ak](x,d)

j=ldel; derl; derl’;
+ Z Z Ni(x,d)log,, Gs(a Z Z Mot (. ) logm Go(d)
j=1derT; j=1deT;
= Z Nutk X, F logm aj — Z Nak X, F 1Ogm an
j=1 derl’;

N

£ 8500 = = (k).
j=1 j=1

www.mn-journal.com © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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by (2.1), (2.4) and (2.5). Note that for each x € ([c, ¢]*), we have

s

. LI - _
lim sup X log,, Hp(Ok(x)) = Zozf(x, I;)log,a; — Zozf(x, I';)log, qu(d)

k—o0 =1 j=1 deT;

+ lim supz (S’T(k) — %) . (2.6)

Claim. For any (z;)i_, € [c, ¢]

Zaz.f logm aj — Z azj logm Zq = Z ada; logm aj — Zaa/ logm qu
Jj=1

del’; j=1 del;
g

Proof of the claim. Take I =c,¢|* and take p = (ps)acp € ' such that Zder,- pa =2z;. Then by
Lemma 2.3 we have '

Z Da (01 log,, pa + (1 —a)log,, q_cr(d>)

deD
> > pa(alog, pa+ (1 —a)log, Go(a)) = —g(P)-
deD
By putting p; = 5 :“2 ” aj (see (2.3)) we have

Z pd o logm pa+ (1 - Ol) logm q(f Z azj logm aj — Z azj logm an

deD del’;

and

Zpd alog, pqa+ (1 —a)log, Gs(a)) = Zaa log,, a; — Zaa, log,, an

deD derl;

So the claim is proved.
For a fixed x € Q([e, €]*), limsup;_, ,, >, ( ) is finite. Thus

[ak})> . — Si(k) . — S ([ok])
lim su — > lim su ———~ — limsu —= =0.
pZ < k k»oopz k k%oop; ak

j=1
Thus, by (2.6) and the above claim we have

lim sup — logm,up(Qk( ) = —g(p)

k— 00

It follows from Lemma 2.1 that dimy K7 (2, ([c, ¢]*)) < g(p). O

Finally, we consider a special partition {I";}}_, of D. We take {I';};_, as the horizontal fibers of D, i.e., each I';
is a horizontal fiber of D. In this case, by (2.5) we have S;(k) = Ni(x,T';)log,, Go(a), j =1,2,...,5(d € Tj).
Therefore, limy .«  log,, i5(Qk(x)) = —g(P). Thus one actually obtains

Corollary 2.6 Let {I';}!_, be the horizontal fibers of D. For ¢ = (¢;)i_, € H;

N

dimy KT(QS<{C})) = dimp KT(QS({C})) = Z (cj logm |FJ|U[ —Cj logm C.f) s
=1

where o = log, m
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3 Proofs
This section is mainly devoted to determining the Hausdorff dimensions of K7(22(X)) and K7(€2;(X)).

Theorem 3.1 Let ¥ be a nonempty subset of H. Then

Proof. We first show that the result is true if X is closed and convex and there exists ap € X with p > 0.
Let p* = (p}))aep € T be such that g(p*) = maxpex g(p). Then p* > 0 by Lemma 2.3. One only needs to
show that dimp K7(Q(X)) < g(p*). Note that for x = (x;)72, € Q(X)

1Ogm Mp* Qk Z logm px + Z logm qa (xi)

i=[ak]+1

= 3" N (x. d)log,, p + Y Ni(x,d) log,, 4
deD deD

— D N (x,d) 1og,, 3 4)-
deD

Therefore, for each x € Q(X)

o1
klim T logm Mp (Qk =« Z f X, d logm pd + (1 - Ol) Z f(x’ d) logm q;k((l)
deD deD

=3 pi(olog,, pi+ (1= @)log,, 4} ) ) = —gmun().
deD

It follows from Lemma 2.2 that
dimp K7(Q(X)) < gmax(2).

For the general case, let T be the closure of £. We will prove that dimp K7(Q(Z)) < gmax(T) since goup(T) =
gmax (). Note that g(p) is uniformly continuous on H. For any € > 0 there exists a § > 0 such that |g(p1) —
g(p2)| < € for any py, p2 € H with |p; — p2| < 26.

Let B;(p) be the closed ball of radius § and centered at p. Take a finite members, denoted by X;, 1 <i < ¢,
from {B;(p) N H : p € X} such that | J/_, £; 2 T. Then

(I) each ¥; € H is compact and convex and there exists ap € ¥; with p > 0;

(D) gmax(T1) < gmax(Zi N E) + € < gmax(T) + € = gaup(T) + €.

Let p; € X; be such that g(p;) = gmax(Z;)- Then the previous argument shows that

dimp K7(2(Z:)) < gmax(Zi) < gup(E) +€, 1=<i <Y,
leading to dimp K7 (2(X)) < max;<;<,dimp K7(Q(%;)) < gup(Z) + €. O

Theorem 3.2 Denote y = dimy K7(R(X)) = dimp K7 (Q2(X)). Let gy, be defined as in (1.6).

() Suppose that L, N X # 0. We have

(Ia) If (1/|D],...,1/|DI) € Xgp N X and if D has uniform horizontal fibers, then 0 < H” (K7(2(X))) <
PY(Kr((X))) < oo,

(Ib) If (1/ID],...,1/ID]) € Zgp N X but D has not uniform horizontal fibers, then HY (K1 (Q(X))) =
Pr(Kr(Q(E))) = oo

(Ie) If (1/IDI, ..., 1/IDI) ¢ Zqup N X, then H” (K7 (R(X))) = P” (K7 (R(%))) = oo;

(D) If Zgp N X =0, then H” (K7(2(X))) =P (K7 (2(%))) =0.
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Proof. (I) When (1/|D|,...,1/|D|) € Ysup N Z and D has uniform horizontal fibers, one can check that
y =g ((1/|D|,...,1/|D])) = alog, |D| + (1 — a)log,, |B|.
Setp = (1/|D|, ..., 1/|D|). Then for every x € Q(X) and k € N

ky +log,, iip(Qk(x)) = k(alog,, |D| + (1 —a)log, |Bl)

+ [ak] log,, — + (k — [ak]) log,, —
(04 0g,, -\ 08 Thy
|D| | B
|D|
= (ak — |ak]) log,, —,
(ok ek log,,
leading to
o - . ~ |D|
0 < liminf{ky + log,, Iy (Qx(x))} < limsupiky +log,, 1i,(Qk(x))} < log, 1Bl
—>0o0 k— 00

Thus (Ia) follows from Lemmas 2.1 and 2.2.
For the cases (Ib) and (Ic), take p € Xg,, N Z. Then

PY(Kr(R(%))) = H" (K7 ((2))) = H" (Kr(Q({p}))) = o0
by (b) of [R3].

(II) For k € N let Bi(p) be the closed ball of radius 1/k and centered at p. Let £ = £\ Upex,,, Be(p). Note

that X, is compact. Then

Y= U Y and gop(Zk) < v.

k=1

Thus, we have

Y (K7(R(E))) = Jim 1 (Kr(2(%0)) =0,
and

P (Kr(Q(2))) = lim P (Kr(2(20) = 0.
This completes the proof. d

The following theorem gives the variational formula for dimy K7 (€2,(X)).

Theorem 3.3 Let X be a nonempty subset of Hy. Let ©* and Q;(Z) be defined as in (1.7) and (1.8), respectively.
Then

dimH KT(QA.(E)) = gsup(2*>.
Proof. The inequality dimy K7 (2,(X)) > geup(X*) is clear since for any p € £* we have

dimy K7(Q,(2)) > dimy K7 (Q({p})) = g(p)

by [R1] of Theorem A.

We first show that the result is true if X is closed and convex and there exists a ¢ € X with ¢ > 0. In this case,
¥ * is also closed and convex.

Let p* = (p}j)acp € X" be such that g(p*) = gmax(E*). Then p* > 0 by Lemma 2.3. By the same argument
as in the proof of Lemma 2.5 we have that for each x = (x¢)2, € Q,(%)

. 1 ~ *
lim sup Elogm - (Qk(x)) = —g(p*).

k— 00

which implies that dimy K7(2;(2)) < g(p*) by Lemma 2.1. B B
For the general case we will prove that dimy K7 (Q2;(X)) < gmaX(E*) since gop(X*) = gmaX(E*).
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Note that the function gp.x({c}*) in ¢ is uniformly continuous on H;. For any € > 0 there exists a § > 0 such
that |gmax ({€1}") — gmax ({€2}*)] < € for any ¢y, ¢; € H, with |[¢; — ¢z2| < 28.

Let B;(c) be the closed ball of radius § and centered at ¢ € H;. Take a finite members, denoted by X;, 1 <i < ¢,
from {B;s(c) N H, : ¢ € T} such that | J'_, £; 2 =. Then

i=1

(I each X; C H; is compact and convex and there exists a ¢ € X; with ¢ > 0;

(H) gmax(zl‘*) =< gmax((zi ﬁf)*) +e=< gmax(f*) +e= gsup(E*) + €.

Then the previous argument shows that

dimH KI(QJ(EI)) S gmax(z;k) 5 gsup(z*) + €, 1 S l S E’

leading to dimy K7(2,(X)) < max; << dimy K7 (2,(%;)) < gup(Z*) + €. O
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